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Abstract
Examples of Talagrand, Gul’ko and Corson compacta resulting from Reznichenko families of trees are presented. The Kσδ
property for weakly K-analytic Banach spaces with an unconditional basis is proved.
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1. introduction
This paper is devoted to a further and more systematic study of the Reznichenko families of trees, a concept in-
troduced in [1] and rooted on a fundamental, unpublished, construction of E. Reznichenko. As mentioned in [1], we
view those families of trees as a method assigning to each hereditary family F of subsets of a set A, a Corson compact
set R[F ]. In the second section, for an arbitrary pair (A,F) with A an infinite set and F a hereditary family of subsets
of A, we define the (A,F)-Reznichenko family of trees and in Theorem 2.1 we prove their existence for any such a
pair. Such a family is a family (Ta)a∈A of trees, with each Ta an infinite branching tree of height ω and connected
under certain rules imposed by the family F .
In the third section the Corson compact space R[F ] is defined and studied. The space R[F ] is a closed subset
of {0,1}T consisting of the characteristic functions of all segments of the trees (Ta)a∈A with T =⋃a∈A Ta . One of
the goals of the present work is to study the relation between the family F and the compact set R[F ]. In Section 3 we
mainly study the successively dense subsets of the set T =⋃a∈A Ta . This is a key concept for showing that the space
R[F ] fails certain properties. It is shown that the space R[T ], where T is the family of Talagrand’s admissible sets,
satisfies a strong property related to successively dense sets, which actually yields that C(R[T ]) is not a Kσδ subset
of its second dual in the w∗ topology.
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N = NN, as well as of any infinite subset X of N such that the corresponding space R[F ] is either Talagrand or
Gul’ko compact.
In Section 5 we show that the space R[F ] where F is the family of all closed and discrete subsets of the Baire
space N is a Gul’ko but not Talagrand compact. We recall that in [16] it was shown that the classes of Talagrand and
Gul’ko compacta do not coincide. Also A. Aviles [7], using Reznichenko families of trees, has recently provided a
hierarchy of Gul’ko compacta with increasing complexity. We also show that the space R[F ] where F is the family
of all discrete subsets of N is a Corson but not Gul’ko compact. The last example answers in negative, a question
posed by G. Sokolov [14].
The last section is devoted to the proof of the following.
Theorem. Every weakly K-analytic Banach space X with an unconditional basis is a Kσδ subset of (X∗∗,w∗).
Let us recall that in [1], the above theorem is obtained as a consequence of a more general result, namely that for
every adequate Talagrand compact K , the space C(K) is a Kσδ subset of its second dual. The direct proof of the above
theorem presented in this paper, is considerably simpler than the corresponding one for C(K) spaces. We believe that
the present proof could be useful either in other applications or even as an introductory step towards the understanding
of the proof of the general result concerning the C(K) spaces.
Weakly K-analytic Banach spaces will be denoted in the sequel as WKA. For the theory of weakly K-analytic and
weakly countably determined Banach spaces and related compacta such as Talagrand, Gul’ko, Corson, we refer the
reader to [4,11,12,14,15,17].
2. Reznichenko families of trees
In this section we define the Reznichenko families of trees and we establish their existence. We point out that the
present definition is more general than the one appearing in [1] and it concerns families F consisting of arbitrary
subsets of the set A.
Recall that a hereditary family F of subsets of a set A is one satisfying the following condition: If F1 ∈ F and
F ⊆ F1, then F ∈ F as well.
Definition 2.1. Let A be an infinite set and F a hereditary family of subsets of A such that A =⋃F . A Reznichenko
family of trees, determined by the pair (A, F ), is a family of trees {Ta: a ∈ A} with the following properties:
(i) Setting T =⋃a∈A Ta and m = |T |, if there exists an infinite F ∈ F then cf(m) ω1.
(ii) For every a ∈ A, Ta is a tree of height ω and root a and moreover Ta ∩A = {a}.
(iii) If a1, a2 ∈ A, a1 = a2 and I1, I2 are segments of Ta1 , Ta2 respectively, then |I1 ∩ I2| 1.
(iv) If ∅ = F ∈ F and Ia are pairwise disjoint finite initial segments of Ta , a ∈ F, then the set ⋂a∈F imsuca(max Ia)
has cardinality equal to m. (Here we denote by imsuca(t) the set of immediate successors of t in the tree Ta .)
(v) For every t ∈⋃a∈A Ta, the set Ft = {a ∈ A: t ∈ Ta} belongs to F .
We call such a family an (A,F)-Reznichenko family of trees.
In the above definition, a segment I in a tree (T ,) is a totally ordered subset of T such that if t1, t2 ∈ I and
t1  t  t2, then t ∈ I. A segment I is an initial segment, if for every t1 ∈ I and t  t1 we have that t ∈ I as well.
With the next theorem we associate to each pair (A,F) a Reznichenko family of trees.
Theorem 2.1. Let A be an infinite set. For any hereditary family F of subsets of A such that ⋃F = A, there is an
(A,F)-Reznichenko family of trees.
Proof. We choose an infinite cardinal m in the following way:
(1) If F contains no infinite member, we set m = |A|.
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than or equal to |A| such that mb = m and such that cf(m)  b+. For instance, the cardinal 2|A| satisfies both
properties. Clearly in the present case m 2ω.
Set B = [0,m), the interval of all ordinals smaller than m and assume that A∩B = ∅.
Next, consider the set L of all families of the form s¯ = (sa)a∈F , where
• F = ∅ is an element in F ,
• for every a ∈ F, sa is a finite subset of A∪B such that sa ∩A = {a},
• for a1, a2 ∈ F with a1 = a2, sa1 ∩ sa2 = ∅.
Fix next a one to one map σ : L → B. (Notice that such a map does exist, by our choice of m.) Fix also a disjoint
family {Bξ : ξ < m} of subsets of B with |Bξ | = m, for all ξ < m.
We make the following definition:
Definition 2.2. A finite sequence {t0, t1, . . . , td}, where d  1, t0 ∈ A, ti ∈ B for 1  i  d, is said to be σ -
admissible, if t1 < t2 < · · · < td (in the well ordering of B) and for each i = 1,2, . . . , d there exists s¯i ∈ L such
that {t0, t1, . . . , ti−1} ∈ s¯i and ti ∈ Bσ(s¯i ).
For every a ∈ A, we define a partial order <a in the set {a} ∪B as follows:
If s, t ∈ {a} ∪B, then t <a s if there exists a σ -admissible sequence {t0, t1, . . . , td}, with t0 = a and 0 i < j  d
such that t = ti and s = tj (clearly t < s in the well ordering of B).
Set Ta = {t ∈ B: a <a t} ∪ {a}, for all a ∈ A and T =⋃a∈A Ta(⊂ A ∪ B). Then the family of partially ordered
sets {Ta : a ∈ A} has the properties (i)–(v) of an (A,F)-Reznichenko family of trees. Indeed, (i) is immediate from
the properties of the cardinal m. Let us observe that from the definition of σ -admissible sequences, if a ∈ A and
{a = t0, t1, . . . , td1}, {a = s0, s1, . . . , sd2} are σ -admissible sequences, then there exists 0 i0 min{d1, d2} such that
for all i  i0 we have ti = si and the sets (one of them or both may be empty) {ti0+1, . . . , td1}, {si0+1, . . . , sd2} are
disjoint. (Since σ is one to one.) This shows that (Ta,<a) is a tree of height ω and proves (ii).
For (iii), it is enough to show the property only for initial segments. Let a1, a2 ∈ A, a1 = a2 and {a1, t1, . . . , td1},
{a2, s1, . . . , sd2} be σ -admissible sequences. Assume that |{a1, t1, . . . , td1} ∩ {a2, s1, . . . , sa2}| 2. So there exist 1
i1 < i2  d1 and 1  j1 < j2  d2 such that {ti1, ti2} = {sj1, sj2}. Since ti1 < ti2 and sj1 < sj2, for the fixed well
ordering of B, we conclude that ti1 = sj1 and ti2 = sj2 . This yields a contradiction since the σ -admissible sequences
{a1, t1, . . . , ti2−1} and {a2, s1, . . . , sj2−1} are not disjoint and have common σ -extension.
For (iv), let ∅ = F ∈ F . Then we have that Ia = {a <a ta1 <a · · · <a tada }, for a ∈ F. Set s¯ = (Ia)a∈F and ξ =
sup{tada : a ∈ F }. It is clear that s¯ ∈ L and Bσ(s¯) \ [0, ξ) ⊆
⋂
a∈F imsuca(tada ). It follows from our assumption about m,
that ξ < m, so we get the conclusion.
For (v), for every a ∈ A such that t ∈ Ta, let preda(t) = {a <a ta1 <a · · · <a tada } be the set of predecessors of t
in Ta. Since a < ta1 < · · · < tada < t is then an admissible sequence, for every a ∈ Ft = {a ∈ A: t ∈ Ta}, there is s¯a ∈ L
such that preda(t) ∈ s¯a and t ∈ Bσ(s¯a). Since σ is one to one and Bξ pairwise disjoint, we get that for all a ∈ Ft ,
s¯a = s¯, therefore Ft ∈ F , by the definition of L. 
Remark 2.1. Let us point out that the above theorem provides a general method of constructing Reznichenko families
of trees. E. Reznichenko in his initial construction followed a different one employing a transfinite induction argument.
His construction concerned the pair A = N and F = P(N). This family and some more known will be discussed in
the sequel. The new examples presented in this paper mainly concern the cases A = NN and F to be subfamilies of
the family of closed and discrete subsets of NN.
In the case where F contains infinite members, it follows from the proof of Theorem 2.1, that the set⋂
a∈F imsuca(max Ia) in property (iv) of the definition of a Reznichenko family of trees, is uncountable. (In fact
its cardinality is greater than or equal to 2ω.)
S.A. Argyros et al. / J. Math. Anal. Appl. 350 (2009) 792–810 7953. The space R[F]
In this section we define the space R[F ] which is a Corson compactum associated to an (A,F)-Reznichenko
family of trees and we study some Baire category properties of the families.
Definition 3.1. Let {Ta: a ∈ A} be an (A,F)-Reznichenko family of trees. We define a family of subsets of T =⋃{Ta : a ∈ A} as
R[F ] = {XI ∈ {0,1}T : there is a ∈ A such that I is a segment in the tree Ta}.
With some abuse of notation we shall also denote by R[F ] the family of all sets I such that XI ∈ R[F ].
Note that if a ∈ A, then the space
Ωa = {χI : I is a segment of the tree Ta}
is a uniform Eberlein compact. Indeed, if we identify a segment I ⊆ Ta with its characteristic function χI in {0,1}Ta
it follows that the support of χI is going to have at most one element at every level of the tree Ta. Since the levels are
countably many, we conclude by a well known characterization of uniform Eberlein compacta contained in [8,12],
that Ωa is a uniform Eberlein compact.
We have the following:
Theorem 3.1. The space R[F ] is a Corson compact. Furthermore if any set F in F is finite, then R[F ] is a uniform
Eberlein compact.
Proof. Since for every a ∈ A, Ta is a tree of height ω, we get that any interval in that tree has cardinality at most ω.
So for the first part it suffices to show that R[F ] is compact. This is easy to check, since if Ia1 , Ia2 are intervals of the
trees Ta1, Ta2 , a1 = a2, then the cardinality of the set Ia1 ∩ Ia2 is at most 1.
Assume now that any set in F is finite. For n ∈N, define
Tn =
{
t ∈ T : for any a ∈ A, |t |a  n
}
.
(Here, by |t |a we mean the order of t in the tree Ta .)
To see that
⋃
n∈N Tn = T , let t ∈ T . If t ∈ A, there is nothing to prove. Otherwise, Ft = {a ∈ A: t ∈ Ta} is a finite
set as a member of F , therefore set n = max{|t |a : a ∈ Ft }. Then obviously t ∈ Tn. Now it is evident that if x is an
interval of the tree Ta, then x ∩ Tn has cardinality at most n, therefore R[F ] is in this case uniform Eberlein compact
(see [8,12]). 
Remark 3.1. The Corson compact space R[F ] also has property (M). That is, every regular Borel measure on R[F ]
has separable support. This is a rather direct consequence of property (iii) of Definition 2.1 and the well-known fact
that any measure supported by the segments of a tree each chain of which is at most countable, has separable support
(see [4]). Moreover in the case of R[F ] resulting from Theorem 2.1 then every element of R[F ] has order type at
most ω, with respect to the well ordering of the set B. Thus R[F ] is a Corson compact of bounded order type (see [3,
Definition 4.6 and Corollary 4.10]).
Next we define the successively dense subsets of a tree Ta , a concept stronger than the usual density related to the
partial order of Ta and in the following proposition and theorem we shall establish some Baire category properties for
such sets.
Definition 3.2. Let {Ta : a ∈ A} be an (A,F)-Reznichenko family of trees and T =⋃a∈A Ta. A subset D ⊆ T is said
to be successively dense in a tree Ta, if there exists a subset R of the set of immediate successors of the root a in Ta,
with the following two properties:
(1) |R| < sup{|F |: F ∈ F}.
(2) Every t ∈ Ta incomparable with R, has an immediate successor in D. (We say that t is incomparable with R in
the tree Ta, if for every t ′ ∈ R, t ′ is incomparable with t .)
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(i) Assume that the set D ⊆ T =⋃a∈A Ta is successively dense in the tree Ta. Then there exists an infinite segment
I ⊆ Ta, such that I ⊆ D.
(ii) Let Dn, n  1, be a sequence of subsets of T =⋃a∈A Ta and a ∈ A such that for every n, Dn is successively
dense in Ta. Then:
(1) For every N  1 there exists an infinite segment IN ⊆ Ta such that IN ∩Dk is infinite for all k = 1,2, . . . ,N.
(2) If F contains an infinite member, then there exists an infinite segment I ⊆ Ta, such that I ∩Dn is infinite for
all n 1.
Proof. Since assertion (i) is simple, we give a sketch of the proof of the more general assertion (ii). Assume that we
are in case (2). Let Rn, n 1, be the sets of immediate successors of a in Ta, corresponding to the successively dense
sets Dn, n 1, according to the definition given above. So we have that
|Rn| < b = sup
{|F |: F ∈ F} |A|m,
where m = |⋃a∈A Ta|. Since the set of immediate successors of a in Ta has also cardinality m (see Definition 2.1)
and cf(m)  ω1, we get that |⋃∞n=1 Rn| < m. Fix a surjective map φ : N → N such that the set φ−1({n}) is infinite
for all n 1 and set D′n = Dφ(n), for n 1.
Let t0 /∈⋃∞n=1 Rn be an immediate successor of a in Ta. Since the sets D′n are successively dense in Ta, for
all n  1, we can choose by induction a sequence t0 <a t1 <a · · · <a tn <a · · · in Ta, such that tn is an immediate
successor of tn−1 in the set Ta ∩D′n for all n 1. It is clear that the infinite segment s = {t1 <a t2 <a · · · <a tn <a · · ·}
of the tree Ta, satisfies the desired property. 
Theorem 3.3. Let F be a nonempty member of F with |F | = k and also let {Dξ : ξ < k} be any decomposition of the
set TF =⋃a∈F Ta (i.e., TF =⋃ξ<k Dξ ). Then for every well ordering {aξ : ξ < k} of the set F, there exists ξ0 < k
such that the set Dξ0 is successively dense in the tree Taξ0 .
Proof. Assume for the purpose of contradiction, that the conclusion for the theorem does not hold. Then there exists
a well ordering F = {aξ : ξ < k} of F such that
for every ξ < k the set Dξ is not successively dense in Taξ . (1)
Since the set D0 is not successively dense in Ta0 there is t0 ∈ Ta0 such that
D0 ∩ imsuca0(t0) = ∅ (2)
(we denote here by imsuca0(t0), the set of immediate successors of t0 in the tree Ta0 ).
We consider the initial segment I0 = {t ∈ Ta0 : t a t0} of the tree Ta0 and let
R1 = {t ∈ imsuca1 a1: ∃t ′ ∈ I0, t a1 t ′}.
Since the set D1 is not successively dense in Ta1 there is t1 ∈ Ta1 incomparable with R1 such that
D1 ∩ imsuca1(t1) = ∅.
Let I1 = {t ∈ Ta1 : t a1 t1} ⊆ Ta1 and
R2 = {t ∈ imsuca1 a1: ∃t ′ ∈ I1, t a1 t ′} ∪R1.
Note that the initial segments I0 and I1 of the trees Ta0 and Ta1 are pairwise disjoint.
Using our assumption (1), we proceed by induction on k and get families {tξ : ξ < k}, sets Rξ , ξ < k in TF and
initial segments Iξ , ξ < k of the trees Taξ , such that
(1) Iξ = {t ∈ Taξ : t a tξ } is an initial segment of Taξ ,
(2) Iξ , ξ < k are pairwise disjoint and
(3) Dξ ∩ imsucaξ (tξ ) = ∅, for ξ < k.
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set
⋂
ξ<k imsucaξ (tξ ) is an infinite subset of TF =
⋃
ξ<k Dξ . Let t ∈
⋂
ξ<k imsucaξ (tξ ). Then there exists ξ0 < k such
that t ∈ Dξ0 . Therefore t ∈ Dξ0 ∩ imsucaξ0 (tξ0) which is a contradiction. 
Corollary 3.4. Let Aξ , ξ < k, be a family of subsets of the set A such that for every choice aξ ∈ Aξ , ξ < k, the set
{aξ : ξ < k} is a member of F . Then for every decomposition {Dξ : ξ < k} of the set⋃{Ta : a ∈⋃ξ<k Aξ }, there exists
ξ0 < k such that the set Dξ0 is successively dense in Ta for all a ∈ Aξ0 .
Proof. Assume the contrary. Then there exists a decomposition {Dξ : ξ < k} of the set ⋃{Ta : a ∈⋃ξ<k Aξ } and a
choice aξ ∈ Aξ , ξ < k such that Dξ is not successively dense in Taξ , for all ξ < k. Let F = {aξ : ξ < k} and also let
D′ξ = Dξ ∩ (
⋃
ξ<k Taξ ), ξ < k. Then F ∈ F and {D′ξ : ξ < k} is a decomposition of the set TF =
⋃
ξ<k Taξ . It follows
from the theorem above that there is ξ0 < k such that D′ξ0 (and hence Dξ0 as well) is successively dense in Taξ0 , which
is a contradiction. 
Remark 3.2. It is worth pointing out that the successively dense property, holds in a diagonal manner. Namely, for
any ordering of the set F as {aξ : ξ < k}, there exists a ξ0 such that Dξ0 is successively dense in Taξ0 .
We pass now to present the three known examples of Corson compacta, resulting from Reznichenko families of
trees.
The first is E. Reznichenko’s initial construction concerning a genuine Talagrand compact which is actually the
only known such an example after Talagrand’s initial space.
The Argyros–Manoussakis metrizable space R[P<N(N)] appeared in [2] and was used for the construction of
a separable reflexive indecomposable space X such that every Schauder basic sequence in X has an unconditional
subsequence.
Finally, the space R[T ] based on Talagrand’s space, which has the property that C(R[T ]) is weakly K-analytic,
but not Kσδ subset of its second dual, endowed with the w∗ topology [1].
3.1. Reznichenko’s space R[P(N)]
Reznichenko’s space is any family R[F ], with A = N, F = P(N) \ {∅} and m = 2ω. For the definition of the
trees (Tn)n∈N, E. Reznichenko used a transfinite induction argument. The method of the coding function, used in
the present definition of R[F ] first appeared in [2]. The space R[P(N)] has significant applications in Banach space
theory. For example, a James Tree like space based on the sequence (Tn)n∈N of R[P(N)] derives a counterexample
to the heredity problem of WCG with interesting properties [5,6]. The fundamental property of R[P(N)] is described
by the next:
Theorem 3.5. The space R[P(N)] is a Talagrand compact and σ -Eberlein but not Eberlein.
Proof. Since T =⋃n Tn, it follows easily that R[P(N)] is σ -Eberlein (see also [1, Theorem 5.1]). Indeed R[P(N)] =⋃
n Kn where
Kn = {χI : I is a segment of Tn}.
Furthermore, it is Corson compact, hence it is a Talagrand compact [14]. Assume for the purpose of contradiction that
it is an Eberlein compact. Then, as is well known, Rosenthal’s characterization of Eberlein compacta [13] yields that
there exists a decomposition of the set T into sets (Γn)n∈N such that for every m,n ∈ N and every segment s of Tm
the intersection s ∩ Γn is a finite set. This yields a contradiction, since, as follows from Theorem 3.3, there exists an
n0 such that Γn0 is successively dense in Tn0 and Proposition 3.2 implies that there exists an infinite segment s of Tn0
such that s ⊆ Γn0 . The proof is complete. 
Remark 3.3. As is shown in Theorem 3.1 when F consists of finite subsets of the set A, the space R[F ] is a uniform
Eberlein compact. Reznichenko’ s space shows that the aforementioned result is not extended to hereditary families F
such that the space KF = {χF : F ∈ F} is an Eberlein compact. In particular, if F contains an infinite set F then R[F ]
is not an Eberlein compact.
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The space R[P<N(N)] is the space R[F ] with A =N, F = P<N(N) = {F ⊆N: F = ∅,F finite} and m = ω. Thus
the space R[P<N(N)] is a metrizable compactum and has interesting applications in the construction of separable
Banach spaces. It is notable that ideas which appeared first in a nonmetrizable setting have new and fruitful metrizable
interpretations.
Since the set T =⋃n∈N Tn is a countable one, we may assume that T =N and the set of the roots of (Tn)n∈N oc-
cupies an infinite subset P of N. Considering this representation of R[P<N(N)] we have the following Baire property
for the subsets of N.
Theorem 3.6. There exists an infinite subset P of N and for every p ∈ P a partial order <p on N such that the
following hold:
(1) For each p ∈ P, the set Tp = {n ∈N: p <p n} is an infinite branching tree of height ω.
(2) For each k ∈N, if {p1, . . . , pk} is a subset of P and {Di}ki=1 a decomposition of N, there exists an 1 i  k such
that Di is successively dense in Tpi .
(3) For each decomposition {Di}ki=1 of N, there exist an 1 i0  k and F ⊆ P with |F | = i0 − 1 such that for every
p ∈ D \ F, the set Di0 is successively dense in Tp.
Proof. (1). The desired partial orders {<p: p ∈ P } are the ones induced by the trees {Tp: p ∈ P } in the aforemen-
tioned representation of R[P<N(N)].
(2) is immediate from Theorem 3.3.
To see (3), we proceed by contradiction. Assume that for a partition {Di}ki=1 the conclusion fails. Then by induction,
we choose p1,p2, . . . , pk pairwise different such that Di is not successively dense in Tpi . Theorem 3.3 yields that
there exists i0 such that Di0 is successively dense in Tpi0 a contradiction proving (3). 
3.3. The space R[T ]
We denote by N the set of positive integers with the discrete topology, and by N the Baire space NN, that is,
the space of infinite sequences of positive integers with the Cartesian product topology; as it is well known, the
space N is a completely metrizable separable space. Let N<N denote the set of finite sequences in N. If s ∈N<N and
t ∈N<N∪NN, the relation s < t means that s is an initial segment of t. For s ∈N<N, |s| denotes the length of s and Vs
the Baire interval {σ ∈ N : s < σ } of N . If σ ∈ N and n ∈N, then σ | n denotes the finite sequence (σ (1), . . . , σ (n))
of N<N.
We recall the definition of Talagrand’s family of (countable) subsets of N .
T = {F ⊆ N : there exists an s ∈N<N so that F ⊆ Vs and for all σ1, σ2 ∈ F with σ1 = σ2,
we have σ1
(|s| + 1) = σ2(|s| + 1)}.
We notice that the compact space K ≡ K(T ) = {χF : F ∈ T }(⊆ {0,1}N ) is the first example of a Talagrand non-
Eberlein compact (see [15]).
The space R[T ] is the family R[F ] with A = N , F = T and m = 2ω. This space appeared in [1] where it is proved
that the space of continuous functions on it, C(R[T ]) is a weakly K-analytic space failing the Kσδ property.
We proceed to show a strong Baire property satisfied by the corresponding Reznichenko family of trees.
We first state the following:
Definition 3.3. Let {Ta: a ∈ A} be an (A,F)-Reznichenko family of trees. We say that the family (A,F) satisfies the
countably successively dense property, (csd), if for every family {Dn,k: n, k ∈ N} of subsets of T =⋃a∈A Ta having
the property that for each n ∈N,⋃k Dn,k = T , there exist an a ∈ A and a sequence (kn)n such that Dn,kn, n ∈N are
all simultaneously successively dense in Ta.
Proposition 3.7. The family (N , T ) satisfies the csd-property. In particular, for every family {Dn,k: n, k ∈ N} as
above, there exists σ ∈ N , such that for each n ∈N, Dn,σ(n) is successively dense in Tσ .
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i , i ∈ N, then the set F = {ai : i ∈ N} is a
member of T . Since for a fixed n ∈N,⋃k Dn,k = T , the above implies by Corollary 3.4 that there exists kn ∈N, such
that Dn,kn is successively dense in the tree Ta, for any a ∈ Vs
kn .
We use this observation to construct (beginning with s = ∅) a sequence (kn)n∈N such that:
For all n ∈N, Dn,kn is successively dense in the tree Ta, for any a ∈ V(k1,...,kn).
Set now σ = (kn)n ∈ N . Then for any n ∈ N, σ ∈ V(k1,...,kn). Thus for all n ∈ N, Dn,kn = Dn,σ(n) is successively
dense in Tσ , which is what we needed to prove. 
For notational simplicity, we identify each t ∈ T =⋃a∈A Ta with the continuous projection of R[F ] to the t-
coordinate. (Recall that R[F ] ⊆ {0,1}T .)
Proposition 3.8. If (A,F) has the csd-property, then there is no Kσδ subset of the space (C(R[F ])∗∗,w∗)
containing T and contained in C(R[F ]). In particular, neither C(R[T ]), nor T = ⋃σ∈N Tσ are Kσδ subsets
of (C(R[T ])∗∗,w∗).
Proof. Let F =⋂n∈N⋃k∈NKn,k, n, k ∈ N, Kn,k compact, be a Kσδ subset of (C(R[F ])∗∗,w∗) containing T . We
are going to show that there is f ∈ F which is not continuous.
Set Dn,k = T ∩ Kn,k, for all n, k ∈ N. Since for every n ∈ N, we have that T ⊆⋃k∈NKn,k, we conclude that
T =⋃k∈NDn,k for any n. Thus by the csd-property, there exists some a ∈ A, and for every n ∈N, a kn ∈N such that
Dn,kn, n ∈N are all successively dense in Ta. By Proposition 3.2(2), there exists a segment I = {a = t0 <a t1 <a · · ·}
such that Dn,kn ∩ I is infinite for every n ∈N. Consider now the map f : R[F ] → {0,1}, by
f (x) =
{
1, if x is an infinite segment of the branch {t1 <a t1 <a · · ·},
0, otherwise.
It is easy to see that:
(1) f is the pointwise limit of the sequence {tm}m∈N.
(1) f is not continuous.
Since for every n ∈N, Dn,kn ∩ I is a subsequence of (tm)m∈N and Dn,kn ⊆ Kn,kn, we conclude that f ∈ Kn,kn for
every n ∈N. This implies that f ∈ F which is what we needed to prove. 
Remark 3.4. There are bounds for strengthening the csd-property within the class of Talagrand compacta R[F ]. For
example, let’s consider that the given family (Dn,k)n,k∈N satisfies the following properties:
(1) for n ∈N the family (Dn,k)k is a disjoint partition of T and
(2) for n <m each Dm,k is a subset of Dn,k′ for some (unique) k′ ∈N.
Then one could ask if (A,F) satisfies a stronger csd property, namely that there exists a decreasing (Dn,kn)n such that
each Dn,kn is successively dense in Ta. Such a property yields that the space R[F ] is not Talagrand compact. Hence,
for the case of R[T ], which is a Talagrand compact (we shall present a proof of that in the next section) this stronger
csd-property is false.
3.4. We close this section by introducing a new class of Corson compacta and showing that the spaces R[F ] also
belong to this class.
G.A. Sokolov in [14, Corollary 2], has proved the following interesting result:
If K is a Gul’ko compact, then there exists a sequence Kn, n 1, of compact subsets of K such that K =⋃∞n=1 Kn
and for every x ∈ K the set ⋂{Kn: x ∈ Kn} is a uniform Eberlein compact.
Motivated by the above result we define the following:
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of compact subsets of K such that K =⋃∞n=1 Kn and for every x ∈ K the set ∩{Kn: x ∈ Kn} is a uniform Eberlein
compact.
Note that it is easy to prove that a Corson compact K is a Sokolov compact if and only if there exist X ⊂ N and
an usco map F : X → K(K) such that K =⋃σ∈X F(σ) and F(σ) is a uniform Eberlein compact for all σ ∈ X (for
the definition of an usco map see [15]).
Sokolov posed a question, which in our setting takes the following form: Is every Sokolov compact a Gul’ko
compact? (See [14, p. 230, question (1)].) We answer this question in the negative by showing that any space of the
form R[F ] with |A| 2ω is a Sokolov compact and as we will see there are spaces R[F ] which are Corson and not
Gul’ko compact (see Theorem 5.4). We start with the following result:
Theorem 3.9. Let {Ta: a ∈ A} be an (A,F)- Reznichenko family of trees, so that |A| 2ω = c. Then the correspond-
ing Corson compact space R[F ] is a Sokolov compact.
Proof. Since the (infinite) set A has cardinality |A| 2ω, we may assume that A is a separable metric space (A can
be considered as a subset of the Baire space N ). Let {Un: n 1} be a countable open basis for the topology of A. For
every a ∈ A, set
Ωa = {I ⊆ Ta : I is a segment of the tree Ta}
and
Na = {n ∈N: a ∈ Un};
then the family {Un: n ∈ Na} is a neighborhood basis of a ∈ A. Set also, Ωn =⋃{Ωa: a ∈ Un}.
Claim. For every a ∈ A, the set ⋂{Ωn: n ∈ Na} is a uniform Eberlein compact containing Ωa.
Proof of the Claim. It is obvious that Ωa ⊆⋂{Ωn: n ∈ Na}. Consider any segment I with I ∈⋂{Ωn: n ∈ Na}
but not belonging to Ωa. Then we have that (I = ∅ and) for every n ∈ Na there is an ∈ Un with I ∈ Ωan, therefore
an → a in the metric space A. Assume that |I | 2, then by property (ii) of a Reznichenko family of trees, the segment
I belongs to a unique tree Ta′ of the family. It follows that an = a′, which means that I ∈ Ωa that contradicts our
assumption.
So we conclude that |I | = 1 and hence the set ⋂{Ωn: n ∈ Na} is the union of two uniform Eberlein compact sets,
of the set Ωa and of some subset K ⊆ R(F) with |x| 1 for all x ∈ K. (See the remark after Definition 3.1.) 
It clearly follows from the Claim that R(F) is a Sokolov compact. 
Remark 3.5. Assuming CH, there are examples of Corson compacta which are nonmetrizable Sokolov compact with
ccc. Clearly such spaces are non-Gul’ko (see [12, Theorem 6.40]). For instance, let K be the well-known compact
space constructed under CH by Kunen, Haydon and Talagrand (see [12, Theorem 5.9]). The space K has a variety
of interesting properties; among them K is a Corson compact of weight w(K) = ω1, admitting a strictly positive
regular Borel normal measure μ. Thus in particular K is non-Gul’ko. By its very construction, every Baire set B ⊆ K
with μ(B) = 0 is metrizable. Since μ is atomless, there exists a continuous surjective map π : K → [0,1], such that
π(μ) = λ, where λ is the Lebesgue measure on the interval [0,1]. It then follows that for every t ∈ [0,1] the set
Bt = π−1({t}) is a compact and metrizable subset of K and that the map F : [0,1] → K(K) defined by F(t) = Bt ,
for t ∈ [0,1] is usco with ⋃t∈[0,1] F(t) = K.
4. Criteria for classes of compacta of the form R[F]
Let X be a topological space. We say that a subset F of X is closed and discrete if it has no cluster points in X.
Let T be a subtree of N<N. (Here by the term subtree, we mean that if s1  s2 and s2 ∈ T , then also s1 ∈ T .) We
say that T is well founded, if for every σ ∈ N , there is n ∈N such that σ | n /∈ T .
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n ∈N such that σ | n /∈ T .
Let now F be a closed and discrete subset of N . Based on the fact that to every element of F, there corresponds
a “largest” Baire interval of N containing only this element from F, we can associate to F a well founded subtree
of N<N called here wft(F ). First for σ ∈ F, define
n(σ,F ) = min{n ∈N: Vσ |n ∩ F = {σ }}.
In the case where F is clear from the context, we also use the notation n(σ ) instead of n(σ,F ). Now we set
wft(F ) = {s ∈N<N: ∃σ ∈ F : s  σ | n(σ,F )}.
It is clear that for any F, wft(F ) is a subtree of N<N. Since F is closed and discrete then wft(F ) is well founded.
Any subtree T of the tree N<N can be viewed as an element of the space {0,1}N<N by the standard way. Using this
setting we have the following:
Lemma 4.1. Assume that K is a compact subset of the space of well founded trees in {0,1}N<N . Then ⋃K is also a
well founded tree.
Proof. For suppose otherwise. Then there exists a σ ∈ N and for every n ∈N a Tn ∈ K such that σ | n ∈ Tn. We can
pass to a subsequence (Tnk )k of (Tn)n which is convergent, say to T ∈ K. Then obviously for any k ∈ N, σ | nk ∈ T
which is a contradiction. 
If F is a closed and discrete subset of N , then we can associate to wft(F ) its rank denoted by rank(wft(F )). Recall
[10] that the rank of a well founded tree T is an ordinal, defined recursively as follows:
If s ∈ T is a terminal node, we set rank(s) = 0.
If s is not terminal, then
rank(s) = sup{rank(τ )+ 1: τ ∈ imsuc(s)}.
Then the rank of T is the supremum of the ranks of its nodes and it can be easily checked that if T is a well founded
subtree of N<N, then its rank is countable.
It is well known that the set of well founded subtrees of N<N considered as a subspace of {0,1}N<N is co-analytic,
and also that the set of well founded subtrees of N<N whose rank is bounded by a countable ordinal ξ, is Borel [10].
We also need the following result on Talagrand compacta which is a slight modification of Lemma 1.7 in [11] (see
also Lemma 4.8).
Lemma 4.2. Let Ω be a compact subset of RΓ and M be an analytic metric space such that denoting by K(M) the
compact subsets of M, there exists a family {ΓK : K ∈ K(M)} of subsets of Γ satisfying the following:
(i) ⋃x∈M Γ{x} = Γ.
(ii) If K1 K2 then ΓK1  ΓK2 .
(iii) For every K ∈ K(M), Ω|ΓK  c0(ΓK).
Then the set Ω is a Talagrand compact.
Proof. Let f : N → M be a continuous onto function. For σ ∈ N , we set N (σ ) = {τ ∈ N : ∀n ∈ N, τ (n) σ(n)}
and Mσ = f (N (σ )). Clearly each Mσ is a compact subset of M. Moreover if for all n ∈ N, σ (n)  τ(n), then
Mσ Mτ . Since for every x ∈ M, there exists a σ ∈ N with x ∈ Mσ properties (i) and (ii) yield that⋃σ∈N ΓMσ = Γ.
We conclude that the family {ΓMσ : σ ∈ N } satisfies the assumptions of Corollary 1.7 in [11], hence Ω is a Tala-
grand compact space. 
All the above yield the following:
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countable ordinal such that for every F ∈ F , rank(wft(F )) ξ0. Then R[F ] is Talagrand compact.
Proof. Let {Tσ : σ ∈ N } be a Reznichenko family of trees determined by the pair (N ,F) (m = 2ω) and also let R[F ]
be the Corson compact space defined by this family of trees. For a given ordinal ξ, we denote by Wξ the set of all
well founded subtrees T of N<N, with rank(T ) ξ. As we have mentioned above, Wξ is a Borel subset of {0,1}N<N .
Notice that the space X = Wξ0 ×N(N<N) is an analytic metric space. For K compact subset of X, we shall define a set
ΓK ⊂ T =⋃σ∈N Tσ such that conditions (i)–(iii) of Lemma 4.2 are fulfilled.
The family ΓK is defined as follows: Recall that for any t ∈ T , Ft = {σ ∈ N : t ∈ Tσ } is an element of F , therefore
closed and discrete in N . So wft(Ft ) is a well founded tree. Moreover if σ ∈ Ft , then there is n ∈ N such that
Vσ |n ∩ Ft = {σ }. As before we set n(σ,Ft ) = min{n ∈N: Vσ |n ∩ Ft = {σ }}.
For K a compact subset of X, ΓK is equal to
⋃
x∈K Γ{x} where for x = (T , τ ),
Γ{x} =
{
t ∈ T : T = wft(Ft ) & ∀σ ∈ Ft , |t |σ  τ
(
σ | n(σ,Ft )
)}
.
We first prove (i):
Let t ∈ T . We define τ : N<N →N by
τ(s) =
{ |t |σ , if there is σ ∈ Ft s.t. s = σ | n(σ,Ft ),
1, otherwise.
Then the one-point set {x} = {(wft(Ft ), τ )} is a compact subset of Wξ0 × N(N<N) and it can be easily checked that
t ∈ ΓK.
Condition (ii) is obvious.
Finally for (iii), let I0 ∈ R[F ] and K ⊆ Wξ0 × N(N<N) compact. Assume that I0 is a segment in the tree Tσ0 and
let t ∈ I0 ∩ ΓK. We are going to prove that the number |t |σ0 is bounded independently of t, and therefore I0 ∩ ΓK is
finite which fulfills condition (iii).
Indeed, let p1(K),p2(K) be the projections to the first and second coordinate respectively of K. Then p1(K) is a
compact subset of well founded trees, p2(K) is a compact subset of N(N
<N) and K ⊆ p1(K)× p2(K). So
|t |σ0  τ
(
σ0 | n(σ0,Ft )
)
for some τ ∈ p2(K) and wft(Ft ) ∈ p1(K). By Lemma 4.1, the set ⋃p1(K) is well founded, thus there is n0 ∈ N,
such that σ0 | n0 + 1 /∈⋃p1(K). Therefore
|t |σ0  τ
(
σ0 | n(σ0,Ft )
)
max
{
τ(σ0 | n): 1 n n0, τ ∈ p2(K)
}
where the last number depends only on K and σ0 and exists since p2(K) is compact. 
Next we shall present some applications of Theorem 4.3. We start by showing that the space R[T ] from Section 3.3
is a Talagrand compact.
Let us first recall once again the definition of Talagrand’s family T .
T = {x ⊆NN: there is an s ∈N<N so that x ⊆ Vs and
for all b1, b2 ∈ x with b1 = b2, b1(|s| + 1) = b2(|s| + 1)
}
.
It is clear that T consists of closed and discrete subsets of N . So by proving that rank(T ) = sup{rank(wft(x)):
x ∈ T } <ω1, we will have proved that R[T ] is also a Talagrand compact space.
Indeed, let x ∈ T with x = ∅. Then there exists an s ∈ N<N such that x ⊆ Vs and for every σ ∈ x there is an
m(σ) ∈N such that x ∩ Vs
m(σ) = {σ }. Thus
n(σ, x) = min{n ∈N: Vσ |n ∩ x = {σ }}= ∣∣σ
m(σ)∣∣= |s| + 1.
Therefore
wft(x) = {t ∈N<N: ∃σ ∈ x: t  σ ∣∣ |s| + 1}.
Thus by the definition of the rank of a well founded tree, we easily find that rank(wft(x)) = |s| + 1 ∈ N. Therefore
rank(T ) = ω and R[T ] is indeed a Talagrand compact space. Therefore, we have the following:
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We will also consider the family T N which can be viewed as a family of subsets of
⋃
n∈NN × {n}, and consists
also of closed and discrete subsets.
Notice that if x = (x1, . . . , xn, . . .) ∈ T N, xn ∈ T , then wft(x) =⋃n∈Nwft(xn) × {n}, so that rank(wft(x))  ω
and rank(T N) = ω. So R[T N] is again a Talagrand compact space. Therefore we also have proved the following.
Corollary 4.5. The space R[T N] is a Talagrand compact.
Similarly to the case of Talagrand compact spaces, using now X-well founded trees instead of well founded ones,
we may obtain the following:
Theorem 4.6. Assume that X is an infinite subset of the Baire space N and F is a hereditary family of closed and
discrete subsets of X. Then R[F ] is Gul’ko compact.
The proof of this theorem is identical to the one of 4.3 where instead of Lemmas 4.1 and 4.2 we use the following:
Lemma 4.7. Let X be a nonempty subset of N . If K is any compact subset of the set of X-well founded trees in
{0,1}N<N then ⋃K is also a X-well founded tree.
Lemma 4.8. Let Ω be a compact subset of RΓ and M be a separable metric space such that denoting by K(M) the
compact subsets of M, there exists a family {ΓK : K ∈ K(M)} of subsets of Γ satisfying the following:
(i) ⋃K∈K(M) ΓK = Γ.
(ii) If K1 K2 then ΓK1  ΓK2 .
(iii) For every K ∈ K(M), Ω|ΓK  c0(ΓK).
Then the set Ω is a Gul’ko compact.
The proof of Lemma 4.7 is similar to that of Lemma 4.1. Lemma 4.8 is Corollary 1.7(b) from [11].
Remark 4.1. We recall that an adequate family F of subsets of a set A is a hereditary family containing the singletons
such that the subspace KF = {χF : F ∈ F} of {0,1}A is compact. An interesting question is the following: Assume
that F is an adequate family such that KF is either Talagrand or Gul’ko compact. Is it true that the corresponding
space R[F ] is also a Talagrand or a Gul’ko compact respectively? Theorem 4.6 yields an affirmative answer for
adequate families of closed and discrete subsets of X where X is a nonempty subset of N . In this case the space R[F ]
is a Gul’ko compact. For the case of adequate families of closed and discrete subsets of N , where we expect the space
R[F ] to be a Talagrand compact, the problem is open for us. Note that when F is an adequate family of subsets of a
set A such that KF is an Eberlein compact then the space R[F ] is a Talagrand compact (see [1, Theorem 5.1(3)]).
5. Examples separating classes of compacta
In this section we present two examples of compact spaces of the form R[F ]. The first example is a Gul’ko compact
which is not a Talagrand one. The corresponding space is the space R[F ] where F is the family of closed and discrete
subsets of the Baire space N . Let us mention that Talagrand in [16] has provided the first example of a Gul’ko compact
which is not a Talagrand compact. (See also [9] and [7].)
The second one is a Corson compact which is not a Gul’ko one. The space is also of the form R[F ] where F is
the family of all discrete subsets of N . The later space is actually a Sokolov space answering a question posed by
Sokolov. (See Definition 3.4 and the comments after this.)
It is worth pointing out that the spaces of the form R[F ] separate Eberlein, Talagrand, Gul’ko and Corson compacta.
The two classes which are not separated by these spaces are those of Uniform Eberlein and Eberlein compacta since
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Lemma 5.1. Assume that for some A and F , the space R[F ] ⊆ {0,1}T is Talagrand. Then there are Γs ⊆ T , s ∈N<N
such that
(i) Γ∅ = T .
(ii) Γs =⋃n∈N Γs
n, s ∈N<N.
(iii) For every I ∈ R[F ] and σ ∈ N , there exists n ∈N such that I ∩ Γσ |n is finite.
Proof. By identifying each t ∈ T with the continuous projection πt : R[F ] → {0,1} to the t-coordinate and since the
space R[F ] is a quasi adequate compact (see Definition 3.3 of [1]), it follows from Remark 3.7(1) of [1] that T is
weakly discrete and T ∪ {0} is weakly closed in C(R[F ]). Therefore by applying Lemma 3.1 of [1] to T we get that
there are Γs ⊆ T , s ∈N<N such that (i) and (ii) of the above lemma hold true and moreover
(iii)′ For every σ ∈ NN and every sequence (tn) ⊆ T with tn ∈ Γσ |n, the set Γσ ∪ {0} where Γσ =⋂∞n=1 Γσ |n is
compact and the sequence (tn) has a weak limit point in Γσ ∪ {0}.
It remains to show that (iii) is valid. Proceeding by contradiction, assume that there exists I ∈ R[F ] and σ ∈ N ,
such that for all n ∈ N, I ∩ Γσ |n is infinite. Using this fact, define by induction a sequence tn ∈ I ∩ Γσ |n, n ∈ N of
pairwise different elements. Since (tn) has a limit point in Γσ ∪ {0} and Γσ is discrete, we get that (tn) converges
weakly to 0 which is a contradiction since tn(I ) = 1, for all n ∈N. 
Theorem 5.2. Assume that F is the family of closed and discrete subsets of the Baire space N . Then R[F ] is Gul’ko
compact but not Talagrand compact.
Proof. It has been proved in Theorem 4.6 that R[F ] is Gul’ko compact. It remains to be proved here that it is not
Talagrand. Assume that it is. By Lemma 5.1 we get a family Γs, s ∈ N<N of subsets of T =⋃σ∈N Tσ such that
(i)–(iii) hold true. The proof will follow easily using the following claim:
Claim. There is σ0 ∈ N such that for all n ∈N, Γσ0|n is successively dense in Tb for all b  σ0 | n.
Let us show how we can complete the proof of the theorem using this claim. First notice that since for all n ∈ N,
σ0  σ0 | n, we have that Γσ0|n is successively dense in Tσ0 . Therefore Proposition 3.2 yields that there exists a
segment I ∈ Tσ0 such that I ∩ Γσ0|n is infinite for all n ∈ N. This and (iii) of the above lemma yield a contradiction.
So it suffices to give the
Proof of the Claim. Assume that the claim is false. Then for every σ ∈ N there is an n ∈N and a b  σ | n such that
Γσ |n is not successively dense in the tree Tb. For an infinite sequence σ, set
n(σ ) = min{n ∈N: ∃b  σ | n such that Γσ |n is not successively dense in Tb}.
Let also {s1, s2, . . .} = {σ | n(σ ): σ ∈ N }. Notice that {sn: n ∈N} are pairwise incomparable. Indeed the relation σ1 |
n(σ1) = sn  sm = σ2 | n(σ2) contradicts the definition of n(σ2) since n(σ1) < n(σ2) in this case and σ2|n(σ1) = sn.
Let now bn  sn be such that Γsn is not successively dense in Tbn . Since sn, n ∈ N are pairwise incomparable,
{bn: n ∈ N} is discrete and since for every σ ∈ N , there is n ∈ N such that sn  σ, we get that {bn: n ∈ N} is closed
in N . We now define by induction a sequence tn ∈ Tbn, n 1, such that
(i) imsucbn(tn)∩ Γsn = ∅.
(ii) For k = m, predbk (tk)∩ predbm(tm) = ∅.
Since Γs1 is not successively dense in Tb1, there is t1 ∈ Tb1 such that imsucb1(t1)∩ Γs1 = ∅.
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R = {t ∈ imsucbn+1(bn+1): ∃t ′ ∈ S: t bn+1 t ′}.
Since now Γsn+1 is not successively dense in Tbn+1 there is tn+1 ∈ Tbn+1 incomparable with R such that
imsucbn+1(tn+1) ∩ Γsn+1 = ∅. Notice that in this case predbn+1(tn+1) ∩ R = ∅, therefore also predbn+1(tn+1) ∩ S = ∅,
so that (ii) is satisfied for m = n+ 1 and k < n+ 1.
By the definition of the Reznichenko family of trees (since {bn: n ∈ N} ∈ F and predbk (tk) ∩ predbm(tm) = ∅,
k = m), we get that ⋂n∈N imsucbn(tn) = ∅. Since for every σ ∈ N , there is n ∈ N such that sn  σ, we get that
T =⋃n∈N Γsn, by (i) and (ii) of the above lemma. Therefore for some n0 ∈ N, ⋂n∈N imsucbn(tn) ∩ Γsn0 = ∅ which
contradicts (i) of the definition of tn, for n = n0. 
The following lemma characterizes countably determined topological spaces and it is similar to Lemma 3.1 of [1]
(see also Lemma 6.39 of [12]).
Lemma 5.3. Let X be a (Hausdorff and completely regular) topological space. The following are equivalent:
(i) X is countably determined.
(ii) There exists a family {Xs : s ∈N<N} of closed subsets of X satisfying the following:
(a) X∅ = X and Xs =⋃∞n=1 Xs
n, for s ∈N<N.
(b) For every x ∈ X there exists σ ∈ N such that x ∈ ⋂∞n=1 Xσ |n, moreover ⋂∞n=1 Xσ |n is compact and if
(xn) ⊆ X is any sequence with xn ∈ Xσ |n for all n 1, then (xn) has a limit point in X (in ⋂∞n=1 Xσ |n).
Proof. The proof of this lemma is similar to Lemma 3.1 of [1]. We only sketch a proof of implication (ii) ⇒ (i).
We consider the set M of all σ ∈ N such that the set Xσ =⋂∞n=1 Xσ |n is nonempty compact in X and moreover
for all (xn) ⊆ X with xn ∈ Xσ |n for all n 1 the sequence (xn) has a limit point in X. Then it is easy to verify that the
map F : M → K(X) defined by F(σ) = Xσ , for σ ∈ M is usco and F(M) =⋃σ∈M Xσ = X. 
Theorem 5.4. Assume that F is the family of all discrete subsets of the Baire space N . Then R[F ] is a Corson
non-Gul’ko compact space.
Proof. The proof for this theorem shares a lot of ingredients with that of Theorem 5.2. So we will give a sketch of it
indicating only their differences.
Using the above lemma as in the case of the proof of Theorem 5.2, we obtain a family Γs, s ∈N<N of subsets of T
(similar to that of Lemma 5.1), and an X ⊆ N such that the following properties hold:
(i) Γ∅ = T .
(ii) Γs =⋃n∈N Γs
n, s ∈N<N.
(iii) For every I ∈ R[F ] and σ ∈ X, there exists n ∈N such that I ∩ Γσ |n is finite.
The claim within the proof of Theorem 5.2 remains valid with N replaced by X ⊆ N . The same is true about the
way we use the claim in order to finish the proof. (Notice that in this case σ0 has to be in X.)
For the proof of the claim, we define n(σ ) as it is defined there and {s1, s2, . . .} = {σ | n(σ ): σ ∈ X}. (The difference
being N replaced by X.) We may again define bn  sn be such that Γsn is not successively dense in Tbn and notice
that this time {bn: n ∈N} is discrete (but not necessarily closed) subset of N . We again define inductively tn ∈ Tbn so
that (i) and (ii) are fulfilled. This time the contradicting conclusion is that although {bn: n ∈ N} is a discrete subset
of the Baire space, so that by the definition of the Reznichenko family of trees
⋂
n∈N imsucbn(tn) = ∅ and moreover
T =⋃n∈N Γsn we have also that imsucbn(tn)∩ Γsn = ∅, for all n ∈N. 
6. The Kσδ property for spaces with an unconditional basis
In this section we show that WKA Banach spaces with an unconditional basis satisfy the Kσδ property. We refer
to [1] for the related notions and basic properties of this class of Banach spaces.
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Definition 6.1. Let X be a K-analytic topological space and Γ a discrete subset of X with a unique limit point x.
A family {Γ σ : σ ∈ N } is said to be an analytic partition of Γ ∪ {x}, if the following are fulfilled:
(1) Each Γ σ is compact and
⋃
σ∈N Γ σ = Γ ∪ {x}.
(2) If σ1 = σ2, then Γ σ1 ∩ Γ σ2 = {x}.
(3) The assignment
Φ : N  σ → Γ σ
is usco.
Lemma 6.1. Let X be a K-analytic topological space and Γ be a discrete subset of X with a unique limit point x ∈ X.
Then there exists an analytic partition of the set Γ ∪ {x}.
Proof. Let us observe that the subspace Γ ∪ {x} is a closed subset of X, hence K-analytic. Hence there exists an usco
map Φ ′ : N  σ → Φ ′(σ ) ∈ K(Γ ∪ {x}). For s ∈N<N, we set
Γ ′s =
⋃
sσ
Φ ′(σ ).
Inductively on the length of s, we define a family Γ s , s ∈N<N, such that the following hold:
(1) Γ ∅ = Γ ∪ {x}.
(2) For s ∈N<N, Γ s ⊆ Γ ′s ∪ {x} and x ∈ Γ s .
(3) For s ∈N<N, Γ s =⋃n Γ s
n.
(4) For s = t, |s| = |t |, Γ s ∩ Γ t = {x}
(we begin by setting Γ ∅ = Γ ∪ {x}, Γ (1) = Γ ′(1) ∪ {x}, Γ (2) = (Γ ′(2) \ Γ (1))∪ {x}, . . .).
For σ ∈ N , we set Γ σ =⋂n∈N Γ σ |n. Using standard arguments, one can check that the family Γ σ , σ ∈ N is an
analytic partition of Γ . 
Remark 6.1. Let X = Γ ∪ {x0} be a K-analytic space with x0 as its unique limit point. Assume moreover that X
is a subspace of some compact space K and let Γ σ , σ ∈ N to be an analytic partition of X. For s ∈ N<N, we
set Γ s =⋃sσ Γ σ , and Γ s their closures in K. The following are easy consequences of the properties of analytic
partitions:
(1) For every σ ∈ N ,⋂n∈N Γ σ |n = Γ σ .
(2) Since x0 is the unique limit point of Γ , for every σ ∈ N , every sequence (zn)n∈N of pairwise different elements
with zn ∈ Γ σ |n converges to x0.
We now pass to prove the following:
Theorem 6.2. Every WKA Banach space X with an unconditional basis {xγ }γ∈Γ is a Kσδ subset of (X∗∗,w∗).
Since the Kσδ property remains invariant under renormings of a space X, in the sequel we assume that the basis
{xγ }γ∈Γ is 1-unconditional (i.e. for every x =∑γ∈Γ aγ xγ and every A ⊆ Γ, setting xA =∑γ∈A aγ xγ we have‖xA‖  ‖x‖). This yields that for every x∗ ∈ X∗ and every A ⊆ Γ, the functional x∗A = w∗-∑γ∈A x∗(xγ )x∗γ also
satisfies ‖x∗A‖ ‖x∗‖ (where {x∗γ }γ∈Γ are the biorthogonal functionals of the basis {xγ }γ∈Γ ).
A key property of an unconditional basis {xγ }γ∈Γ ⊆ X∗∗ is that {xγ }w∗γ∈Γ is the Stone– ˇCech compactification of
the space ({xγ }γ∈Γ ∪ {0},w).
The next provides a more detailed description of that property.
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x∗∗ = 0, there exists a unique ultrafilter U in βΓ such that for every x∗ ∈ X∗, x∗∗(x∗) = limU x∗(xγ ).
Proof. Set U = {A ⊆ Γ : x∗∗ ∈ {xγ }w∗γ∈A}. We show that U is indeed an ultrafilter. Indeed first observe that for A ⊆ Γ,
at least one of A, Γ \A belongs to U . Hence it remains to show that U is a filter. If not, there are two disjoint subsets
A,B of Γ with x∗∗ ∈ {xγ }w∗γ∈A ∩ {xγ }w
∗
γ∈B. Choose x∗ ∈ X∗ with x∗∗(x∗) = 0. Since {xγ }γ∈Γ is unconditional, the
functional x∗A = w∗-
∑
γ∈A x∗(xγ )x∗γ belongs to X∗. Since {xγ }γ∈B ⊆ kerx∗A we conclude that x∗∗(x∗A) = 0. On the
other hand, for some ultrafilter U ′ in βA we have that
x∗∗
(
x∗A
)= lim
A,U ′
x∗A(xγ ) = lim
A,U ′
x∗(xγ ) = x∗∗(x∗) = 0,
and this leads to a contradiction.
The uniqueness of U follows immediately from its definition. 
Remark 6.2. The above lemma has the following easy consequences:
(1) For {xγ }γ∈Γ , a normalized unconditional basis and A,B disjoint subsets of Γ, we have that
{xγ }w∗γ∈A ∩ {xγ }w
∗
γ∈B ⊆ {0}.
(2) Let {xγ }γ∈Γ be as before, x∗∗ ∈ {xγ }w∗γ∈Γ , U the corresponding ultrafilter in βΓ, A ⊆ Γ with A /∈ U and x∗ ∈ X∗.
Then
x∗∗(x) = x∗∗(xB)
where B = Γ \A.
From this point on, we shall concentrate to WKA spaces with a normalized 1-unconditional basis {xγ }γ∈Γ . We
shall also fix an analytic partition {Γσ }σ∈N of {xγ }γ∈Γ ∪ {0} and for s ∈N<N, we shall denote
Γs =
⋃
sσ
Γσ and Γ s =
⋃
sσ
Γσ
w∗ .
Lemma 6.4. Let {xγ }γ∈Γ be a normalized 1-unconditional basis of a WKA Banach space X. We also fix a countable
family {Γs}s∈N<N resulting from an analytic partition as above.
Then we have the following:
(1) For each x∗∗ ∈ Γ ∅ \ Γ∅, there exists n ∈N, such that for every s ∈N<N with n |s|, we have that x∗∗ /∈ Γ s. In
particular {xγ }γ∈Γ ∪ {0} is a Kσδ subset of (X∗∗,w∗).
(2) For every finite sequence {x∗∗i }di=1 in Γ ∅ \ Γ∅, there exists n ∈N, such that the following holds:
For every finite subset G of N<N with n < |s| for every s ∈ G, and every x∗ ∈ BX∗ , there exists y∗ ∈ BX∗ such
that
(a) x∗∗i (x∗) = x∗∗i (y∗), for i = 1, . . . , d.
(b) x∗∗(y∗) = 0, for each x∗∗ ∈⋃s∈G Γ s and i = 1, . . . , d.
Proof. Let us recall that, as is easily proved, an unconditional basis {xγ }γ∈Γ is a weakly discrete subset of the space
X and {xγ }γ∈Γ ∪ {0} is weakly closed. This yields that for every x∗∗ ∈ Γ s \Γs, x∗∗ = 0, we have that x∗∗ ∈ X∗∗ \X.
(1) We proceed by contradiction. Assume that there exists an x∗∗ ∈ Γ ∅ \ Γ∅, hence x∗∗ /∈ X, such that no n ∈ N
exists satisfying the conclusion. We consider the ultrafilter U corresponding to x∗∗ according to Lemma 6.3. By
our assumption, there exists a sequence (sn)n such that |sn|  n, |sn| < |sm| for n < m and x∗∗ ∈ Γ w∗sn . This yields
that the set Δsn = {γ : xγ ∈ Γsn} ∈ U . Since {Γσ }σ∈N is an analytic partition, we conclude that (Δsn)n is a decreasing
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we conclude that x∗∗ ∈ Γσ =⋂n Γ sn, a contradiction as Γσ ⊆ X and x∗∗ /∈ X. Note that the above yields that
{xγ : γ ∈ Γ } ∪ {0} =
∞⋂
n=1
⋃
|s|=n
Γ s,
namely {xγ : γ ∈ Γ } ∪ {0} is a Kσδ subset of (X∗∗,w∗).
(2) For every i = 1, . . . , d , we denote by Ui the ultrafilter on Γ corresponding to x∗∗i . From (1), for each i =
1, . . . , d, there exists ni ∈ N such that for each s ∈ N<N, ni < |s| the set Δs = {γ : xγ ∈ Γs} /∈ Ui . We set n =
max{ni : 1  i  d} and we claim that n is the desired one. Indeed, let G be a finite subset of N<N with n < |s|
for every s ∈ G. Let also x∗ ∈ BX∗ . For 1  i  d and s ∈ G, the set Δs /∈ Ui , hence for every 1  i  d, the set
ΓG = Γ \⋃s∈G Δs ∈ Ui . We set y∗ = x∗|ΓG, namely y∗(xγ ) = x∗(γ ) if γ ∈ ΓG and 0 otherwise.
Observe that for 1 i  d,
x∗∗i (x∗) = limU x
∗(xγ ) = limU |ΓG x
∗(xγ ) = x∗∗i (y∗)
yielding the first part of (2).
Also for each s ∈ G and 1  i  d, Γ s ⊆ kery∗, hence the second part of (2) is also proved. The proof is com-
plete. 
Proof of Theorem 6.3. Let X be a WKA Banach space and {xγ }γ∈Γ be a normalized 1-unconditional basis of X. We
also fix an analytic partition of {xγ }γ∈Γ and {Γs}s∈N<N, {Γ s}s∈N<N have the usual meaning. We also introduce the
following notation:
We set Sn =Nn and for k ∈N we denote with Skn the set(
Nn
)k = {(s1, . . . , sk): |si | = n, i = 1, . . . , k}.
We also set
Δn,k = Skn ×Qk and Δn =
⋃
k
Δn,k.
Observe that for each n ∈N, Δn is countable.
Next, for (s¯, λ¯) ∈ Δn (i.e. s¯ = (s1, . . . , sk), |si | = n, λ¯ = (λ1, . . . , λk), λi ∈Q), we set
Γ(s¯,λ¯) = λ1Γs1 + · · · + λkΓsk and Γ (s¯,λ¯) = Γ w
∗
(s¯,λ¯)
.
Let us point out that
Γ (s¯,λ¯) = λ1Γ s1 + · · · + λkΓ sk
and each Γ (s¯,λ¯) is a w∗-compact subset of X∗∗. The proof of Theorem 6.3 will be complete after showing the follow-
ing.
Proposition 6.5. For the space X we have that
X =
∞⋂
n=1
⋃
(s¯,λ¯)∈Δn
(
Γ (s¯,λ¯) +
1
n
BX∗∗
)
.
Proof. Since each Δn is countable and Γ (s¯,λ¯) is w∗-compact, the right side of the equality, is a Kσδ subset
of (X∗,w∗), hence the proposition immediate yields that X is a Kσδ space. Also since for every x ∈ X and  > 0
there exist a finite subset F of Γ and {λγ : γ ∈ F } of Q such that ‖x −∑γ∈F λγ xγ ‖ <  we easily conclude that
X ⊆
∞⋂
n=1
⋃
¯
(
Γ (s¯,λ¯) +
1
n
BX∗∗
)
.(s¯,λ)∈Δn
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x∗∗ ∈ ⋃(s¯,λ¯)∈Δn(Γ (s¯,λ¯) + 1nBX∗∗). Consequently, for each n ∈ N, there exist (s¯n, λ¯n) ∈ Δn, x∗∗n ∈ Γ (s¯n,λ¯n) and
z∗∗n ∈ 1nBX∗∗ such that x∗∗ = x∗∗n +z∗∗n . Since x∗∗ /∈ X and z∗∗n
‖·‖−−→ 0, we conclude that limn d(x∗∗n ,X) = d(x∗∗,X) =
d > 0. Hence there exists n0 such that for n n0, d(x∗∗n ,X) > d2 . Our goal is to show that x∗∗n is not norm Cauchy
which clearly leads to a contradiction. For this, we decompose each x∗∗n = x∗∗n,1 + xn,2 as follows:
For each n  n0, x∗∗n =
∑kn
i=1 λi,nx∗∗i,n, where (λi,n)
kn
i=1 = λ¯n and x∗∗i,n ∈ Γ si,n with s¯n = (s1,n, . . . , skn,n) and|si,n| = n. Then we split {1,2, . . . , kn} = Fn1 ∪ Fn2 where
Fn1 =
{
1 i  kn: x∗∗i,n /∈ X
}
, F n2 =
{
i  kn: i /∈ Fn1
}
.
Note that for each i ∈ Fn2 , x∗∗i,n = xγ for some γ and for i ∈ Fn1 , x∗∗i,n ∈ Γ si,n \X. We set
x∗∗n,1 =
∑
i∈Fn1
λi,nx
∗∗
i,n and xn,2 =
∑
i∈Fn2
λi,nx
∗∗
i,n.
In order to show that the sequence (x∗∗n )n is not norm Cauchy, we first choose m ∈ N, m > n0. Then ‖x∗∗m ‖ > d2
and for the finite sequence F = {x∗∗i,m}i∈Fm1 , we choose  ∈N with nF <  where nF is the natural number determined
for the set F by Lemma 6.4(2). We set
G = {s ∈N<N: ∃i = 1, . . . , k, x∗∗i,l ∈ Γ s}∪ {s ∈N<N: ∃i ∈ Fm2 : xi,m ∈ Γs}.
Clearly the set G is a finite one. Note that ‖x∗∗m,1‖ > d2 , hence there exists x∗ ∈ BX∗ such that
∣∣x∗∗m,1(x∗)∣∣=
∣∣∣∣
∑
i∈Fm1
λi,mx
∗∗
i,m(x
∗)
∣∣∣∣> d2 .
By Lemma 6.4 (2), there exists y∗ ∈ BX∗ such that
(1) x∗∗i,m(x∗) = x∗∗i,m(y∗), for i ∈ Fm1 .
(2) y∗(xi,m) = 0, for i ∈ Fm2 .
(3) y∗(xi,) = 0 for i ∈ F2 .
(4) x∗∗i,(y∗) = 0 for i ∈ F1 .
Then
∥∥x∗∗m − x∗∗ ∥∥ ∣∣x∗∗m (y∗)− x∗∗ (y∗)∣∣∣∣x∗∗m,1(y∗)+ y∗(xm,2)− x∗∗,1(y∗)− y∗(x,2)∣∣
= ∣∣x∗∗m,1(y∗)∣∣= ∣∣x∗∗m,1(x∗)∣∣> d2 .
Since the pair m, can be chosen arbitrarily large, we conclude that (x∗∗n )n is not norm Cauchy. This leads to a
contradiction and the proof is complete. 
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